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Abstract.  The numerical solution of the time dependert wave equation
in an unbounded domain generally leadsto a truncation of this domain,
which requires the intro duction of an arti cial boundary with assciated
boundary conditions. Such nonre°ecting conditions ensure the equiva-
lence between the solution of the original problem in the unbounded
region and the solution inside the arti cial boundary. We consider the
acoustic wave equation and derive exact transparent boundary conditions
that arelocal in time and can be directly usedin explicit methods. These
conditions annihilate wave harmonics up to a given order on a spherical
arti cial boundary, and we showv how to combine the derived boundary
condition with a nite di®erencemethod. The analysis is complemerted
by a numerical example in two spatial dimensions that illustrates the
usefulnessand accuracy of transparent boundary conditions.

1 Intro duction

Modern trends in the dewelopment of numerical methods lead to higher and
higher requiremerts for computational accuracy The numerical solution of the
wave equation on unbounded domains requires a truncation to 't the in nite
region on a nite computer. Minimizing the amount of spurious re°ections re-
quiresin many caseshe introduction of an arti cial boundary and of assaiated
boundary conditions. The critical importance of these techniques becomespar-
ticularly evidert when one considersthat the gains made in the computational
domain by using sophisticated high-order numerical approaches may vanish to
a large extent asresult of violating the conditions at the arti cial boundary.
Despite the computational speedof nite di®erenceschemesand the robust-
nessof nite elemens in handling complex geometriesthe resulting numerical
error consists of two independert cortributions: the discretization error of the
numerical method used and the spurious re°ection generated at the arti cial
boundary. This spurious cortribution travels badk and substartially degrades
the accuracy of the solution everywhere in the computational domain. Unless
both error componerts are reduced systematically, the numerical solution does
not corvergeto the solution of the original problem in the in nite region.
There are various techniquesfor the approximate handling of boundary con-
ditions at the external boundary of a nite domain constructed from the original



unbounded domain by meansof truncation. One classof conditions is given by
local di®ererial operators [2], [3], including conditions that perfectly annihilate
impinging waves at a nite number of seleted anglesof incidence[4], whilst a
di®erent approad is basedon absorbing layers [5]. There are caseswhere some
of the dixculties with boundary conditions may be avoided partially by using a
momertum spaceapproac [6]. In contrast to grid methods in coordinate space
where cortinuum waves spread over the ertire space,in momertum spacethe
waves are con ned to a small nite volume and the dynamics stays localized
around the origin at all times.

Exact nonre°ecting boundary conditions that are nonlocal in both spaceand
time have been investigated numerically in [7]. Numerical methods based on
these exact conditions display a long-time instabilit y, and a major disadvantage
is related to the nonlocal character of the boundary condition in time. Due to
the temporal nonlocality that requires information from previous time steps,
these methods require a considerably longer computational time than explicit
schemesfor the wave equation. Recenly, very important progresshasbeenmade
by Grote and Keller [8] by deriving exact nonre°ecting boundary conditions that
are local in time.

In the presert work we study exact transparent boundary conditions that
are local in time for the scalar wave equation for the general casein two and
three spatial dimensions.In cortrast to [8] where an integral equation is used,
our approac is basedon the separation of variables combined with recurrence
relations that provide a very direct derivation of the boundary condition. Since
the derived condition is local in time and is equivalent to the result obtained
in [8], our formulation complemens the integral transform approad and is ex-
pectedto have applications to casesvherethe latter method is ditcult to apply.

The local character in time of the boundary condition and its explicit rep-
resenation that requires only rst order derivatives of the solution makes it
relatively easyto apply in calculations basedon explicit schemes.In cortrast
to earlier studies basedon exact but nonlocal boundary conditions, the presert
‘nite di®erencesmplementation does not require a signi cant increasein the
computational time. This highlights a key point in practical applications of such
conditions in that the related implementations should not becomecomputation-
ally too expensiwe. In Sec.2, we illustrate the fundamertal ideasunderlying the
derivation of nonre®ecting boundary conditions for the one-dimensionalcaseand
preser the extensionto higher dimensions.In Sec.3 we discussthe implementa-
tion in a nite di®erenceschemeand presert a simple two dimensionalnumerical
examplethat illustrates the usefulnessof transparent boundary conditions. The
conclusionsof the presern study are given in Sec.4.

2 Theoretical Approac h

2.1 The One-Dimensional Wave Equation

We consider the one-dimensionalwave equation describing the propagation of
perturbations along the positive real axis (x , 0;t, 0) with velocity ¢ = 1 that



are induced by a generaland possibly nonlinear forcing term f = f (x; t; ©; Q©)
i ¢
@i @ oxt = f; 1)
where ©(x; t) represeits the displacemen of an in nitely long string and @ =
@@. Upon requiring ©(0;t) = 0 for the state at rest we assume®©(x;t) to
describe the position of a string "xed at the origin. We de ne the initial con-
ditions by the string position and velocity at t = 0 by ©(x;0) = U, and
@O(x; t) ji-g = Vo. B
The local character of the problem is de ned by assumingf = 0 for x ,
L; 8 t , 0. Thus, the positive x-axis separatesinto two distinctly di®erert
regions: the bounded (interior) domain x - L, and the unbounded (exterior)
regionx , L wherethe forcing term f vanishes.The two regionsare separated
by the arti cial boundary at x = L.
To nd the exact absorbingboundary condition at x = L it is usefulto separate
outgoing from incoming waves by de ning

VvV = @+ @09, and w= @9 @O : (2)

Since®©(x; t) is a solution of Eq. (1) for x , L,i.e.(@i @)©= 0, in the exterior
region from (2)

0 = (@i Q@+ @)¢ = (@i Q)v;
®3)
0 = (@+ Q@i @€ = (@+ @w:
This system of “rst-order equations has the generalsolution
vix;t) = A(x+1t); and w(xt) ="' (xit); (4)

whereA and' arearbitrary functions that are determined by initial and bound-
ary conditions. Thus, incoming (v) and outgoing (w) wavesare de ned as

v(x; 1)

const; for x + t const.  (incoming)

(®)

w(x;t) = const; for x | t = const. (outgoing) :

Sincethere are no incoming wavesin the exterior region, it follows v(L; t) = O.
The requiremert of a purely outgoing wave for x , L combined with the de ni-
tion for incoming wavesv from eq. (2) yields the exact nonre°ecting boundary
condition for the displacemen ©(x; t)

(@ + @O j= = 0: (6)

This expressionwhich is local in time guaranteesthat the arti cial boundary
at x = L is perfectly transparent to both incoming and outgoing waves as they
leave the interior region without any spurious re°ection. Note that since the
derivation of the exact boundary condition (6) depends solely on properties in
the exterior domain, x , L, the problem inside the computational volume can
be arbitrarily complex.



2.2 Transparen t Boundary Conditions in Higher Dimensions

The derivation of exact absorbing boundary conditions in higher dimensionsis
considerablymore challenging ascomparedto the onedimensionalcasediscussed
previously. Distinctly di®erent from the one-dimensionalcasewhere waves can
propagate in two directions only, in two and more dimensionswaves propagate
in in nitely many directions.

In the following we consider wave propagation in an unbounded region IR®
and surround the computational region -~ containing the forcing term f by an
arti cial boundary S that is assumedto be the surfaceof a spherewith radius
R. In the exterior domain onehasf = 0, and the wave function A(r;t) satis es
the homogeneousvave equation with propagation velocity ¢ > 0, i.e.

H 1 . Alr- R 3 ~ .
g@ i ¢ A(r;t) = 0in R®n— ; (7)
with initial conditions A(r;0) = 0 and @A(r;0) = 0. It is useful to separatethe
variables by expanding the solution in spherical coordinates r;#;'

xoX
A(rt) = Aim (D) Yim (7)) ®)
1=0 m=j |
where the spherical harmonics
S

Yim(57) = (2|41;4(|l)f| jimj;!mj)! P/™ (cos#) €™ ; 9)

are orthonormal and the functions Pljmj are Legendrepolynomials. Using the or-
thonormality properties of the V)., the radial time-dependert functions A.n, (r;t)
may be written as

~ Zy, Z 5y, 3
Aim(r;t) = d# sin# d Yo () AM# ) (10)
0 0
By inserting expression(8) in eq. (7) one obtains the radial equation
1 2 11+ 1)° 4
@i @i (@ ( 2 Rty = 0 ; (11)

with the initial conditions A, (r;0) = 0 and @A, (r;0) = 0. The di®ereriial
operator in the square brackets which we denote by R;, satis es a remarkable
commutation-lik e relation Ry [@ i (Ii 1)=r]=[@i (Ii 1)=r]Ry; 1, or
ST oAt ,
Ri@i —— A = @i —— RyiAju(nt) =0 (12)
whenewer R, 1 A, 1 = 0. Thus, one obtains a solution of the I-th order equation

R/ A = 0from a (i 1)th order solution accordingto the recurrencerelation
' i 1
r

Aty = @ |

ALt (13)



that can be also obtained by use of properties of spherical Besselfunc}ions [10].
Recursive use of (13) yields a represertation for the radial functions A,

) ' i1 i 2 Yo 1°
Am= @i — @i'—Anzm::::: @ill—Alm(l"r)

r i=1

where A, is a solution to the | = 0 version of eq. (11). It follows that the
modi ed radial function ©.n(r;t) = rA.;m satis’es a simple one-dimensional
wave equation, i.e.
H 1
1
2 i @ ©Om(r;t) = 0: (15)
As shown in Sec.2.1, a generalsolution for outgoing wavesis written as©(rj ct),
such that for | , 1 the radial functions A, are expressedas
o y M ij 1 1
Aim(r;t) = @i —— F@;m(r i ¢ ; (16)

i=1 r

where the index denotesa radial wave function of order |. Recursive use of this
relations enablesone after somerearrangemen to rewrite the I-th order radial
function asa sumoverl, i.e.

X i [ i
A (r;t) = . £||+)1 Ve g, Om(ri ct)
X 1 @I
= (i) T % o O (i o) (17)
i . Ji i Yei @ i

where Y; = (I + i)!=[2"i!(l | i)!]. These coexcients can be obtained by using
induction in eq. (17) to obtain recurrencerelations for ¥, and we replacedthe
spatial derivative with a time derivative using

©) 1 d
)k cOm(ri ct) = & @@;m(r i ct) : (18)
In analogywith ref. [8] we now replacethe radial derivative with atime derivative
by applying the operator B; on the radial function

()X i @
r o C|i i ri+l @|i i

(i

- ' 1 1’
B1Al;m = @+ E@"’ F AI;m =

©.m(ri ct);(19)

where we used eq. (17). Finally, using expansion (8) and multiplying the last
expressionby Y, with summation over | and m, we obtain

X (I)l/ih @I

B]_A(R #, ’ t) =i C|| |R|+]_ @| i

Yim (%) ©&m (R i ct):(20)

I;m i=1

R



In the general case,the functions ©., are obtained by evaluating Eq. (17) at
r = R. Since¥%y = 1 this leadsto the solution of a linear di®ererial equation

| X 1 i i

S Om® =i 1 G S Gm(R i o) + Am (R0 (1)
i=

where we have substituted ., = (| )'©;m =R and the inhomogeneousterm

A/.m (R;1) is given by Eq. (10) evaluated at r = R.

Expression(20) represetts the exact nonre®ecting boundary condition in the
form obtained in [8] where integral transforms formed the basisof the approad.
Note that in practical calculations truncation of the summation over | at a nite
value | = L leadsto an exact represettation of modeswith | - L. Thus, the
boundary condition reducesto BiAj,-g = O for harmonic modes with [° >
L. In particular, B;Aj,-g = 0 is an exact boundary condition for spherically
symmetric modes(l = 0).

3 Numerical Results using Finite Di®erences

Using the results of the previous section, we illustrate the use of transparert
boundary conditions and their numerical implementation usinga nite di®erence
formulation. The wave equation is discretized both in spaceand time using
certred nite di®erencesAt time tx = k ¢t , we denote by 2 k(n) the numerical
approximation to the time dependert wave function A(r;t) and by f ¥(n) the
forcing term at the n-th grid point r, in radial direction [8]. The numerical
solution is advancedin time using

ety = 20Km) § AN+ (e)? DAk + HEm) ; @2)

where D represens a nite di®erenceapproximation to the Laplace operator ¢ .

An apparert complication occurs when the Laplace operator is to be calcu-
lated at the outer most radial grid point, r, = R, since this calculation uses
valuesof 2 K(n + 1) belonging to the exterior region. However this problem can
be solved by using the explicit represertation of the derived boundary condi-
tion. More precisely one obtains an additional relation betweenthe quartities
ak+l(n) and 2 k(n+ 1) by using a nite di®erencerepresetation of the bound-
ary condition equation (20) at r, = R. Consequetly, the problem is solved by
coupling the two equationsfor 2 k¥*1 (n) and 2 K(n + 1), allowing oneto solve for
a k+1(n). Due to the local character in time of the boundary condition, both the
di®erertial equation and the boundary condition are discretized in time about
t = ty, and only function valuesat t = ty are neededin a given time step [8].

This procedure becomesparticularly simple and is best illustrated using a
cartesian grid x, = n¢x in one dimension. The secondspacederivative @ is
written as

akin+ 1) 22kn) +akmnj 1)

ak -
Da*(n) = ()2 ,

(23)



and usingthe "nite di®erencerepresetation of the boundary condition we arrive
after somealgebra at

1¢x £

ak(n+ 1) = o ak+l(n) i a ki 1(n)° + ak(ni 1) : (24)

which represens the additional equation for 2 *1 (n). By combining the two
equationsfor 2 ¥*1 (n) and 2 ¥(n + 1) one nds

22K(n) + (@ 1% X(n) + 26 2k 1) 2K’
1+ ®

a k+1 (n) (25)

where® = c¢t=¢x . This expressionclearly shavsthat the evaluation of the time
extrapolated function 2 ¥*1 (n) at the boundary does not depend on function
valueslocated outside the computational domain.

Using the approac described above we are now in a position to analyse
the time ewolution of perturbations using transparent boundary conditions. In
Figures 1 and 2 we display snapshotsof the two-dimensional wave function at
di®erent times for t = 82,128 270, 450, and 900, respectively. The contour plots
on the right hand side of the "gures display the position of time ewlved waves
in the xy-plane, where the computational domain extendsfrom an inner radius
r< = 1000km to the outer radius r> = 6371 km, and we used ¢t = 2.5 s,
dr' 3:5km, and c= 5 km/s. The plots on the left shown the dependenceof the
assciated wave function on the radial coordinate r. While the starting point
of the calculation is t = 0, the perturbing sourceis assumedto be proportional
to a Gaussianexp(t j tg)? and is located on a circle with ro ' 4700km. This
may be assaiated with an explosive point sourcethat is located at the origin
r<« =ro! 0in the far past. For t = 82 we obsene a strong peak located in the
vicinity of the source.In the contour plot on the right hand side, one seesthat
the wave is located in the area betweenthe two bright circles.

For larger times, at t = 128,the wave separatesin two independert cortribu-
tions propagating in opposite directions along the radial coordinate r. While one
of the waves moves outwards towards increasing r-values the other wave prop-
agatesinwards, asindicated by the two arrows in the left "gure. Note that the
amplitude decreasesn magnitude with increasingr-valuesas a result of larger
surfaceelemens rdrd' . At t = 270, it is seenthat only the ingoing wave can
be found inside the computational region as the outgoing one passesthe arti -
cial boundary ar r = R without any re°ection. On the other hand, the ingoing
wave propagating towards smaller r -values changesits sign and the direction of
propagation after encourtering the margin r. of the inner circle. As a result, for
larger times (t = 450) this wave propagatestowards the margin of the compu-
tational domain but with opposite sign. Finally, for even larger times this wave
passeghe arti cial boundary at r = R without any re°ection. Thus, for t = 900
the computational region is seento be completely unperturb ed and, as a result
of the boundary condition, the arti cial boundary appearsperfectly transparent
to the wave asthere is no spurious re°ection.



Fig. 1. Snapshotsof the time evolved wave function obtained by the numerical solution
of the wave equation incorporating the nonre°ecting boundary condition fort = 82; 128,
and t = 270.The initial wave separatesin two parts propagating in opposite directions.



Fig. 2. The same as in Fig. 1 for larger times t = 450, and 900. At large asymp-
totic times both componernts leave the computational domain and no re°ection at the
arti cial boundary is obsered.
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4 Concluding Remarks

We investigate exact nonre°ecting boundary conditions that arelocal in time for
the acoustic wave equation in two and three dimensions.The presert approac
is basedon a separation of variables combined with recurrencerelations that
provide a very direct derivation of the boundary condition. This formulation
can be expected to have applications to situations where other methods are
dizcult to apply or even impracticable. By adopting an alternative point of
view for attacking such problems, the presen methodology complemers the
integral transform approad, thus extending and enhancingthe strength of the
theory for deriving exact nonre®ecting boundary conditions.

The derived boundary condition requires only “rst order derivatives of the
solution which makesit relatively easyto usein explicit schemes.Using nite dif-
ferencesthe time extrapolation of the solution and the calculation of the spatial
derivativesrequire unknown function valuesthat lie outside the computational
domain. This apparert complication is solved, and by using a simple numerical
examplein two dimensionswe shav how theseexterior valuescan be eliminated.

Finally, we emphasizethat the derivation of the boundary condition depends
only on the behaviour in the exterior domain, sud that the problem inside the
computational region can be arbitrarily complex, e.g. nonlinear. Furthermore,
as there is no unphysical re°ection at the arti cial boundary assaiated with
the computational region, the derived condition ensuresperfect transparency
that leadsto a long-time stability of the numerical scheme. After this work was
completed we learned about a similar approac usedin [9].
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